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KKT recap

J

E(x, A,V) = f(?C) -+ ZAzgz(x) + ZV]hJ(X)
i j

mxmf(x) s.t. gi(x) <0, hi(x)=0.

ViL(x*,A*,v") =0 stationarity,
gi(x*) <0, hj(x") =0 primal feasibility,
A7 >0

A7gi(x*) =0 complementary slackness.

dual feasibility,

Equality multipliers v; can have either sign.
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Example 1: a plane and a bound

.1 X+y+z=23
min = (x> +y* +z°) st / '
x;y;Z 2 X Z 2.

3
-« =138
2
—_—f=225
> 1 - = f=3.0
e Boundary x = 2
0
@® Optimum (2, 0.5)
-1 ¢ Equality-only (1, 1)

-1 0 1 2 3
X

Eliminate z = 3 — x — y. The equality-only minimum (1,1,1)
violates x > 2.
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Example 1: the KKT equations

1
L= E(x2+y2+zz)+A(2—x)+v(x+y+z—3).

x+y+z=23,

x—A+v=0,
x> 2,

+ 1 = ,
7/ A>0,

z+v =0
A2—x) =0.

If A = 0, stationarity gives x = y = z = 1: infeasible. Hence
A>0and x = 2.
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Example 1: solution and certificate

X =2, Y =z, y+z=1

flry2) >+ = @ S -2) >

N
H~ [ \O

Equality holds only at (2, 3, 5): the unique global minimum.
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Example 2: a ball and a bound

o X4yt 422 <2
min - ((x L 2)2 _|_ (y . 2)2 _|_ ZZ) S.t. y = &y
e z < 1.

3

2 e Ball boundary

1 <+ -« f=0.5(lower)
>

0 e f = 1 (Optimal)

1 ® Optimum (1,1)

5 & Target(2,2)

2 1 0_1 2 3

The figure shows the slice z = 0. We will derive z* = 0 from KKT.
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Example 2: th

e KKT equations

L=Y-22+(y-22+2)

+ 22 —2) 4+ u(z —1).

1
2

+ A(x? 4 12

(1-

(1-

(1+2A

Au >0, Ax% 4+ y? +

Also impose x? + y* + z? < 2

-2M0)x = 2,
-20 )y =2,
)z+u = 0.

72 —2) =0, u(z—1)

and z < 1.
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Example 2: active and inactive

z=——" _<0<1 = u=0 z=0.

1+2A

If A =0, then x = y = 2, which violates the ball constraint.
Thus A > 0 and the ball is active.
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Convex KKT sufficiency

Assume f, ¢; are differentiable and convex, and /; are
affine. Suppose (x*, A*,v*) satisfies KKT.

Fix the multipliers. Since A} > 0, the function £(x, A*,v*) is
convex in Xx.

ViL(x*,A",v") =0 =— x* €argminL(x, A", v").

X

We can now compare x* with every feasible point.
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Step 1: equality at the KKT point

Keep (A*,v*) fixed throughout the proof. First evaluate the
Lagrangian at the KKT point x*.

L(x* A0 = f(x*) + ) Afgi(x” Zv*h
[

Feasibility: hj(x*) = 0 for every j.

Complementary slackness: A7 g;(x*) = 0 for every i.

L7 A v)=fx")+0+0= f(x7).
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Step 2: the first inequality

The fixed-multiplier Lagrangian is convex in x: f, g; are
convex, Ay > 0, and h]- are affine.

L(u,A*,v") > L(x", A", v")
+ [V L(x, A%, v)] ! (u — x%).

Stationarity gives V,L(x*, A*,v*) = 0, so the inner-product
term vanishes.

L(x*, A%, v") < L(u, A", v").
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Step 3: comparison with feasible points

Now choose any feasible u. Feasibility and A} > 0 give

A;"gl(u) <0, v]fkh]-(u) = 0.

L, A" v7) = f(u) + ) _Aigi(u) < f(u).

Since u was arbitrary, x* is a global minimizer.

Intro to Optimization
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Strict convexity and uniqueness

If f is strictly convex and the feasible set is convex,
there is at most one minimizer.

If distinct feasible points u, v both attained the minimum
1%, their midpoint would be feasible and satisty

(1) < LW g

Both recap objectives have Hessian I3. Their KKT solutions
are therefore the unique global minima.
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Taylor expansion at a stationary point

Now allow nonconvex problems. Suppose f is twice
continuously differentiable near xy and V f(xy) = 0.

Flo +h) = f(xo) + 5h" V2 (xo)l + o[ ]P).
h=td — f(x0+td)—f(xo)zngVZf(xo)dJro(tz).

The sign of d’ V2 f(xg)d describes curvature in direction d.
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Unconstrained second-order tests

At a stationary point xq, write H = V?f(xg) and assume f is
twice continuously differentiable.

xg local minimum = d'Hd >0 for every d.

d"Hd >0 foreveryd#0 = xq strict local minimum.

If some direction has negative curvature, the point is not a
minimum. Zero curvature can be inconclusive: t* and —#* at

0.

Intro to Optimization

15



Constraints remove some directions

2 0
22 _ 20 _
min x” —y st. y=0, Vof (O _2> .

1.5
o 1L
5 = Feasible: f(t, 0)
T05
2 0 =— —
45 - S = = |nfeasible: f(0, t)
20.5 > S o
_OQ -7 RN

'1. , 7 N
1.5 7/ \\ @® Origin
-1.3 -0.8 -0.3 t 0.2 0.7 1.2

x,0) = x2 >0, d, =0 — d'V?fd =242
Y X
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Tangent directions for equalities

Consider hy(x) = --- = hy,(x) = 0. A feasible curve 7 (t)
satisfies /1;(y(t)) = 0.

v(0)=x*, 4 (0)=d = th(x*)Td = 0.

T={d: th(x*)Td = 0 for every j}.

Assume the constraints are twice continuously ditferentiable
and their gradients at x™ are linearly independent. Then T
describes the initial directions of motion along the constraints.
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The Hessian of the Lagrangian

L(x,v) = f(x)+ iv]-h]-(x).
i-

At a KKT point, keep the multipliers v* fixed and
differentiate twice with respect to x:

H = V2 .L(x*v") = V*f(x*) + Zv]’-kvzh]-(x*).
j

The constraint Hessians account for the bending of feasible
curves. For affine equalities, they vanish and H = V?f.
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Curvature on the feasible set

Keep the multipliers v* fixed. At every feasible point, the
equality terms vanish:

hi(x) =0foreveryj] =— |L(x,v")= f(x).

At a KKT point, V£ = 0. The Hessian H describes the
local curvature of this stationary function.

For the constrained problem, we examine d' Hd only for
tangent directions d € T.

Intro to Optimization
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Second-order conditions: equalities

Assume f, h; are twice continuously differentiable, x* is
feasible, and the constraint gradients are linearly independent
there.

Use T = {d: Vhj(x*)'d = 0Vj} and H = VZ, L(x*,v").
Necessary: a local minimum has KKT multipliers satisfying

d"Hd >0 for every d € T.

Sufficient: a KKT point is a strict local minimum if

d"Hd > 0 for every nonzero d € T.
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Example: minimizing x on a circle

min Xx st. x4 y° =1.

x,y

1.5

' '

| | e Feasible circle

| |
0.5 | | ® Minimum:f=-1

>
¢ Maximum:f=1

-0.5 | |

| |

I I = == |eft tangent

| |
-1.5 = == Right tangent

-1.5 -0.5 « 0.5 1.5

The feasible set is nonconvex. Both the minimum and
maximum satisfy the first-order equations.
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The two KKT points on the circle

L(x,y,v)=x+v(x*+y*—1).

14+2vx=0, 2vy=0, x*+y*=1.

The first equation gives v # 0. Hence y = 0, and feasibility
gives x = x1.

(x,y) = (-1,0): v=
(x,y)=(1,0): v=

N —
~

N[
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What changes with inequalities?

At an active constraint g(x*) = 0, a one-sided feasible curve
with initial velocity d must satisty

x>0atx" =0: 2(x) = —x, —d<0 < d>0.

Intro to Optimization
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